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Regression Discontinuity Design (RDD)
We say that estimation of causal effect is based on RRD when
treatment is determined by a threshold crossing rule.
For example: college students admitted based on an
admission exam.
We can suppose that students which are close to the trashold
(below and above) are similar to each other (as if randomly
assigned)
The covariate X which determine treatment is called running
variable.
The rule which is determining the treatment: D = 1 {X ≥ c}
Let m0 (x) = E (Y0| X = x), m1 (x) = E (Y1| X = x)
If m0 (x), m1 (x) are continous at c, the causal effect at c:

θ = E (Y1| X = c) − E (Y0| X = c) = m (c+) − m (c−)

where m (c−) = limx↑cm (x) ,m (c+) = limx↓cm (x)
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Sharp RDD
Measuring effects of Head Start program, Ludwig and Miller
(2007):

provided to help poor children age 3-5 and their families (data
for 1965).
300 poorest counties were provided assistance when applying
for grants (cut-off c is 59.1984% poverty rate).
Outcome variables: mortality (deaths related to poverty, e.g.
tuberculosis) and education.

Source: Hansen (2022)
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Head start program, RDD

Source: Hansen (2022)
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Estimation of causal effect, RDD

Estimation of m0 (x) and m1 (x) should be based on
nonparametric methods.
Otherwise we may confuse the causal effect with the
nonlinearity of the model.
It is recomended to use the Local Linear estimator rather than
Nadaray-Watson estimator as the NW estimates are inprecise
on the bounds.
The bandwith selection is based on ROT or CV criterions in a
model with level shift added.
We can also generalise this model to partially linear model of
Robinson (1988).
We can test the continuity of m (x) at c by testing the
continuity of f (x) at c (density dicontinuity test). If f (x) is
discontinous than it can be treated as the evidence of running
variable manipulation.
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Head start program, results

Source: Hansen (2022)
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Fuzzy RDD (FRD)

Y0, Y1 outcomes without and with treatment
θ = Y1 − Y2 treatment effect
X running variable
Conditional treatment effect at cutoff θ = E [θ| X = c]
D treatment indicator
Confitional probability of treatment p (x) = P [D = 1| X = x ]
Left and right limits at cutoff p (c+), p (c−)
For FRD we assume that p (c+) ̸= p (c−)
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Fuzzy RDD (FRD)

Source: Hansen (2022)

Jerzy Mycielski Advanced Econometrics



Fuzzy RDD

Theorem
Assume that m0 (x) and m1 (x) are continous at x = c, p (x) is
discontinous at x = c, and D is independent of θ for X close to c.
Then

θ = m (c+) − m (c−)
p (c+) − p (c−)

Indeed

m (x) = (1 − p (x)) m0 (x) + p (x) m1 (x)
= m0 (x) + p (x) (m1 (x) − m0 (x))

then
m (c+) = m0 (c+) + p (c+) θ

m (c−) = m0 (c−) + p (c−) θ

and solving for θ we obtain the formula.
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Estimation of FRD
Estimates of m (c+) and m (c−) are obtained using local
linear regression of Y on X .
Estimates of p (c+) and p (c−) are obtained using local linear
regression of D on X .
We use the estimator

θ̂ = m̂ (c+) − m̂ (c−)
p̂ (c+) − p̂ (c−)

Identification of θ depends on discontinuity of p (x) at x = c.
Small discontinuity will result in weak identification.
What we should observe is that m̂ (x) and p̂ (x) are both
discontinous at x = c
Standard errors can be calculated as follows

ŝe
(
θ̂
)

= ŝe (m̂ (c+) − m̂ (c−))
p̂ (c+) − p̂ (c−)
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Class size and students achievements, Angrist et al. (2019)
Rule based enrollment. Instrumental variable classsize based
Maimonides rule:

fj = rj
1 + ⌊(rj − 1)/ 40⌋

where rj is the enrollment of fifth graders at school j and ⌊x⌋
is the largest integer less or equal to x
First stage regression of the class size sij attended by student
i on fj and control variables:

sij = πfj + ρ1rj + δ
′
1Xij + γt + εij

where Xij is a vector of school and student characteristics.
Second stage model

yij = βsij + ρ2rj + δ
′
2Xij + µT + ηij

yij is reading score and β is the causal effect of interest.
Functions h1 () and h2 () are polynomial functions controling
for running variable.
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Maimonides rule

Source: Angrist (2022)
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Class size and students achievements
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